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1. Introduction. The Goldbach problem for odd numbers n seeks to prove

that the equation

(1) n = pi + p2 + pz,

where the pi are prime numbers, is always solvable. Hardy and Littlewood,

using the now classical "circle" method, proved that if B(n) is the number of

solutions of (1), then under certain assumptions on the zeros of Dirichlet

/-functions,

B(n) = ©'(»)-h
2 (log w)3 \(log n)3 /

where ©'(«), the so-called "singular series," was proved to be greater than 0

for all odd ».

Rademacher [l], using simplifications of his own as well as of Landau,

proved under similar assumptions that if k be a positive integer, <z¿

(t' = l, 2, 3) integers with (a,-, k) = l, and A(n) the number of solutions of (1)

with the restriction that the primes pi belong to the residue classes at- modulo

*, then(1)

A(n) = ©(»)/(«) + oí-)
\(log«W

where

/(.)-//

dudv

log u log v log (n — u — v)

and the range of integration is defined by the inequalities u^2, t> = 2, u+v

^n — 2. He further proved that ©(«)>0 provided certain necessary arith-

metic restrictions on n hold. It may be shown that

n2 /     n2     \
I in) =-\-o[-).

\(log^)3/2(log n)s \(log n)3
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(') Rademacher considers the more general problem of the number of representations of n

as a sum of 5 (sä3) primes belonging to preassigned residue classes modulo k, and obtains a

precise error term.
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Vinogradoff [2], using the theorems of his own on estimates of trigonometric

sums together with a theorem on the uniformity of distribution of primes in an

arithmetic progression due to Siegel and Walfisz, proved the Hardy-Little-

wood result without assumptions.

Following the work of Vinogradoff and Rademacher, we prove the result

of Rademacher without recourse to Dirichlet L-functions and the assump-

tions on the location of their zeros.

2. Notations and preliminary results. Let n be an integer chosen suffi-

ciently large, v = Iog n, 0 is a real number with \0\ <1, m is any constant >3.

f(x)«g(x) means f(x)=0(g(x)), and denote e<-2ri'q)x by eq(x).

Theorem 2.1 (Siegel-Walfisz). If ir(n, q, t) denotes the number of primes

■¿¡n in the progression qx+t, (q, t) = \, and if 0<q^v3m, then,

(2) T(n, q, t) = (l/0(?))  f"  —— + O«^))-1»*-»«-»),
J 2     log x

where the constant implied by the O depends only on m.

Theorem 2.2. Let (h, q) = l, d\q, (a, i) = l, and denote by (u) the set of

integers satisfying the conditions l^w^g, u = a (mod i), (w, g) = 1. //

S(q) = Z eq(hu),
(»)

then,

I fi(q/d)ed(bah)    if    ((g/i), i) = 1    and    (q/d)b = 1 (mod k),
(3) 5(g) =   <

lo    •/   ((?/i), d) > 1.

Proof. The proof follows Rademacher.

Let T(q) = Zei(v)< summed over those v such that 1 ̂ vSq, v = a (mod i) ;

then

(4) T(q) = ZZeJh~w)=   ZU(c),
c\q      w \ C / c|g

where, for given c, w in the inner sum ranges over those integers satisfying

(c, w) = 1, 1 ̂ w^q, wq/c = a (mod i). Moreover, if gi|gand 7"(gi) = Z* e«i(^)>

where t ranges over the set 1 =i^g, /(g/gi) =<z (mod i), then

(5) /(g) = Z U(c).
« i«i

From (4) and (5), however, we get

(6) Zß(q/qi)T(qx) =   Z U(qx)   Z  i*(i/?i?0 = U(q) = 5(g).
5llî «llî «2l3/51

If   ((g/gi),   i) = l,   then   T(gi)=0;   moreover   T(qx)=eQl(hd)T(qx).   Conse-



484 RAYMOND AYOUB [May

quently T(qi) =0 for qi\hd. On the other hand for qi\ hd, ((q/qi), d) = i, de-

termine b in such a way that bq/qi = i (mod d). Then

T(°ù =     X     etl(k(vd + ba)) = (qi/d)etl(bak).
lát>£si/d

Since gi| d, T(qi) =0 for qi<d, and the theorem is proved.

Suppose now that

(7) Six) = Si(x) = X e(xp),

where   (p)   denotes   the   set   of   primes   satisfying   the   conditions   p^n,

p = a (mod k) with o = Ci, #2, #3, and d(x) =e(x), then

(8) [(n) =   I    5i(x)52(x)53(x)e( — nx)dx =   I    f(x)dx    (say).
«/ 0 «'0

As usual, we divide the unit interval into Farey "arcs." Let h/q = r be a

rational point of the unit interval with (h, q) = l and l2»2à»',m- The major

"arc" .Br belonging to r is the set of points x in (0, 1) with

x — r\ ^ n~1vim = t—1.

It is proved that no two major arcs intersect, and if E denotes the set of

points not belonging to any Br, then x in E has the form

x = h/q + 6/qr   with    vim < q = t.

Since f(x) has period 1, (8) can be written as

(9) A(n) = X f  /(*)<**+  f f(x)dx.
t  JBr Je

3. Estimate on the major arcs.

Theorem 3.1. Let d= (k, q); then if x belongs to Br,

1      n(q/d) r" e(xz)
-ed(hab)  I-

4>(k)   4>(q/d) J 2    log x

Proof. With Vinogradoff, we divide S(x) into 0(v9m) sums of the form

(11) Su(x) =    E    e((h/q + z)p),

the range of summation being further restricted by the condition p

= a (mod k), 0<v — u^nvQm, and since x is a point of Br, it has the form

x = h/q-\-z, with |z| ^r-1. We write (11) in the form

Su(x) = X     X    *((A/ï + z)P),
j       M<p^ y

1      n(q/d) rn e(xz)
(10) Six) =--^—ed(hab) \    —-d* + Oini^8—1).

<6(Ä)   ¿(fl/¿) •/ 2    log *
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where p in the inner sum is further restricted by p=a (mod k) and p

=j (mod g). We deduce by the Chinese remainder theorem

Su(x) = _  Z Z    e((h/q + z)p),
j—a (mod d)     «<p^y

where in the inner sum p = s (mod kq/d). Denote the inner sum by Ssu(x).

Since p=j (mod g), we get e((h/q-\-z)p) =e(hj/q-\-uz)+0(\z\ni>~9m). On the

other hand,

SÍ(x) - {e(hj/q)e(uz) +0(\z\ nv~^)} Z ¿.
V

with p satisfying the conditions of the above inner sum. Using Theorem 2.1,

we deduce

¿if» = (<p(kq/d))-h(hj/q)e(uz)Ix + 0((<¡>(kq/d))-\tnrW + Ix\ z\ ?-»»>)),

where

dx

' u   log a;

Since \z\ \x — u\ S \z\ nv~0m, we get

'• e(xz)

u   log x

Consequently,

e(xz)

' u   log a;

Summing over j, we get,

"   u

/'"  e(xz) .    .-dx + 0(1 x | z I nv~*m).
u   log *

/ Cv e(xz) ,    ,
Su(x) = (¿(kq/d))-* I     -dx + O((0(^g/i))-1(«»'-1-15"' + 7i | 3 | "-9m))-

•/ u   log a;

Su(x) = (<p(kq/d))-i f'^-dx Ze(hj/q)
J u   log a; y

(12) ,    , v-
+ 0((e>(^c/i))-1(w>'-1-16"' + 7l | 3 | W-9"*)) Z 1.

J

Here j ranges over the set 1 Sj^q, (j, q) = l, j = a (mod i). If ((q/d), d) = 1,

and & is determined such that (q/d)b = l (mod i), we get, by Theorem 2.3,

/'" e(zz)--^-dx
u     log X

+ O((0(g/i)(0(*g/i))-,)(«"-1-16m + 7! | z | »*-»»)),

while if ((g/i), i)>l,
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Su(x) = 0((<l>(q/d)((p(kq/d))-'i)(w-1-1!"n + h I z | nv-*™)).

Continuing   with   (12),   we   observe   that   l = ((q/d),   d) = ((q/d),   (q,   k))

= ((q/d), k). Hence

/'• e(xz)-dx
u    log X

'• e(xz)

(13) ' J «   log x

+ 0(nv-l-lim + Ii | z | «y-9m).

Summing over all intervals, we get

/'n e(xz)
-dx

2      log  X

/'n    dx   \-)•

2       logX/2       log

Since

"    dx
-9 m

2      log  £

the result follows.

/> «    dx-= 0(nv-im~l),

2    log x

Theorem 3.2.

1        Áq/d)

k)s   4>(q/dY

f   i (I2(z))h{-nz)dz + O ( »V«—»Y

/l        ß(q/d)f(x)dx = —— e{(hb{ai + a2 + as)/d) - nh/q)
Br 4>(k)z   4>(q/d)z

(14)

^(q/d)

where

I " e(xz)
(15) I2(z) = \    ——- dx.

V2      log X

( nv 1

11 z |-V^

Proof. An easy calculation shows that I2{z) = 0(f) where

if     | z | = »-1|

if     W_1 < Z ^ «I'-3™.

We have

(<P(k))-1(<p(q/d)ridq/d)e{hab/d)I2(z) = O((0(g/d))-1/2(z)),

and since <¡>(q/d)nv~im~l(I2(z))~l = 0(1), we deduce

5i(x)52(x)53(x) = (<p(k))-z(4>(q/d))-^(q/d)e(hb(ai + a2 + a,)/d)

(his))' + 0{4>(q/d)2nv-^-KI2(z))2).
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Therefore

/f(x)dx =   I       Si(x)S2(x)S3(x)e(— (h/q + z)n)dz
Br J -T-»

= (<¡>(k)-\^(q/d))-^(q/d)e(hb(ax + a2 + ez3)/i)/ + /3(z),

where

/ =  j       (I2(z))3e(-nz)dz,

h(z) = O ^(g/i))-2«,-6™-!) j r'        t2dz\

(<p(q/d))-2nv-im-1 1       n2v-2dz+  I n-2z~2dz\

- O((0(g/i)-2»2K-6m-3)).

Corollary.

X¡ I    /(tf)is = ——- X)   ^   ..., X) e(6Ä(ai + a2 + e73)/i - A«/?)/
,       r  Jb, 0(ä)3   q    </>(g/i)3    h

+ 0(n2v-*m-3).

Here the inner sum ranges over the set i^h^q, (h, q) = 1, and the outer sum over

the set (d, (g/i)) = l, q<,vZm.

4. Estimate on the minor arc.

Theorem 4.1. Let (w) and (v) be two increasing sequences of positive in-

tegers and w a positive integer. Let 1 <TV'<TVi, «i = log TVi, 1 < U0< Ux^Nlt

1 <r<TVi, x = h/q+8/qr, S= (w, q), q = 5qx, w = 8wlt and

T = ZZ e(xwuv),
U V

where u runs through the elements of the sequence (u) satisfying the inequalities

Uo<u^Ux and, for given u, v ranges over those elements of the sequence (v)

satisfying the inequalities N'/u<v^Nx/u; then

(18) / = 0(Nx(nx/Uo + Ux/Nx + qml/Nx + nl/qx + Wxn\/r)U').

Proof. The proof may be found in Vinogradoff [2].

Denote by H the product of all primes ^w1/2, and by (i) the sequence of

integers satisfying the condition i|7Z, d^n. Using a reasoning similar to

that used in the proof of Theorem 2.2, we derive the following expression

for S(x)



488 RAYMOND AYOUB [May

(19) S(x) = X Kd)Sd + 0{n"2),
id)

where

Sd = 2Z e{xdu).
u

Here u ranges over the sequence satisfying the conditions du^n, du

= a (mod k). We have

X Kd)Sd =  X Sa - X Sd = So - Si    (say),
id) (d0) id¡)

where (do) is the sequence of elements of (d) having an even number of divisors

and (di) those elements of (d) having an odd number of divisors. We estimate

So; Si can be estimated in exactly the same way. Write X=i'2(m+1), and divide

So into three sums,

(20) So -  X Sd +     X     Sd+      X     Sd= Ti+T2+T3.
dS\ \<dén\-i n\-¡¿d¿n

It is understood of course that the index d ranges over the set (d0) satisfying

the given inequalities.

To estimate Ti, we observe that if d' = d/{k, d) and a' is a solution of the

congruence dx = a(mod k) and n2 = n(k, d)/kd, then

Sd =  X e{xd'{ku + a')).

Consequently, \Sd\ ^q; it follows that

(21) Ti « nv~m+2.

To estimate T2, we apply Theorem 4.1. We have

T = X) X e(xd«)

with the prescribed ranges of summation. We have here Ni = n, i/0 = X,

Ui = rik~l, w = \. Theorem 4.1 yields

(22) /2««(i'-2",-1)1/2«wi'-m+2.

We turn now to the estimate of TV We have

Ti = X X e{xdu),
d      u

summed over the prescribed ranges for d and u. Interchange the order sum-

mation, then

r3 = X      _ X)        e{xdu) = X T(u)
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with the inner sum further restricted by the condition iw = ez (mod k). We

divide the sequence (i) into two sequences (i') and (d") where (i') is the set

of (i) having all prime divisors ^v3m and (i") those elements of (i) having

at least one prime divisor >v3m. (i0) is then divided into two corresponding

sets (d¿) and (i0"). We get T(u) = T'(u) + T"(u) where the right-hand

summands correspond to the sets (io) and (do1) respectively. We estimate

now the number of terms D of the set (i') which satisfy the conditions

d^n/u and l^w^X. To this end suppose that an element i of (i') have j

prime divisors. Then (j'8m)i^M\-1, and hence if n be chosen sufficiently large

j>v/6m log v. If then r(d) be the number of divisors of i, we get

r(d) = 2' > 2"/6m log ' > nll9m log ",

and since

Z    K») « «i(k + 1),
1 Si v â n i

where ni — n/u, we conclude that

fl»"1" log » <5C wj(j/ + 1) <3C nxnll9m Iog "w-1'9™ los »y »>-•>•(„ + 1).

Therefore D<£mv~m. Consequently we deduce that

T(u) = r"(w) + 0(v-mnu~l).

For the sum T"(u) we have evidently /O, hence

t"(u) = £ 7V(«)

where Tj(u) is summed over those i belonging to (io") satisfying the in-

equalities wX_1<ig«i, and having exactly/ prime divisors >v3m. In order to

estimate the sum T¡(u) we consider with Vinogradoff the more general sum

T/(u) = Z Z e(xuvw)
V w

where v ranges over all primes >v3m belonging to (i) and, for given v, w

ranges over those numbers satisfying the inequalities n\~1/v<w^ni/v, the

congruence uvw = a (mod k) and containing exactly /— 1 prime divisors

>v3m and belonging to (ii). Every term e(xiw) of the sum T¡(u) is found in

the sum Tj (u) and indeed is found exactly/ times. In addition, however,

T'j (w) contains terms of the form e(xp2Wx) with n\~1/p2<w1^n1/p2, where

p>v3m, and Wx runs over elements of (io) containing j — 2 prime divisors

>v3m. These terms evidently occur without duplication. For given p, the

number of Wxp2 satisfying n\~1/p2<w1^n1/p2 is ^nx/p2, consequently

r/(«) = jTj(u) + o(    Z    nx/p2) = jTj(u) + or/-*«»«-1).
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We now apply Theorem 4.1 to the sum T¡(u). We take Uo = v3m, Ui = n1,2t

N' = n\~1, and conclude

T(u) « n/u{uv-im+2yi2 « nv-^i^u-1'2.

Therefore, Tj(u)<i^j^1nu~ll2v~3ml2+1, from which we deduce that

T"{u) « »M-^-sm/m log „(

and hence that

T(u) « nu-1'2v-3ml2+1 log v + nu-li>-m.

Summing over u, we deduce that

(23) Ti « nv~m+l log v + nv~m log v « nv~m+2.

Using (19), (20), (21), (22), and (23), we conclude the following:

Theorem 4.2. Let m be any constant >3,

x = h/q + 6/qr, (h, q) = 1,        v3m < q ^ r, t = «*"*«;

(24) X) e(z/>) = 0(nv-m+2).
iv)

5. The asymptotic formula and proof of the theorem.

Theorem 5.1. Ifm>9/4, then

XT_1 n2 / n2 \
i (/2(z))3e(-«z)dZ = — + 0(^— log ,j.

Proof. Vinogradoff [2].

Using this result, we deduce readily that

X {4>(q/d))-3n(q/d) X e(bh(ai + a2 + a,)/d - hn/q)I = 0(nhr~*),
q h

where the inner sum ranges over the set of h such that i^h^q, {h, q) = l,

and the outer sum over those q satisfying {{q/d), d) = 1, q>v3m. This result,

together with (17), permits us to conclude that

/"                                 nf{x)dx = @(»)-1- 0{n2v-7i2 log v),
Br                              2v3

where ©(»), the singular series, is given by

1       »     ßia/d)       _
(27) ©(») = —— X -^TT7     X    e(hb(ai + a2 + a3)/d - hn/q),

<t>{k)3 3_i   (p(q/d)3    likS«

where as above q is restricted by ((q/d), d) = i and h by (h, g) = l. On the
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other hand, using Theorem 4.2, we get

/f(x)dx<& f   I 5i(a:)52(a:)S3(a;) | dx
E Je

« nv-m+2 \     | S2(x)Sa(x) | dx
(28) J o

« nv-m+2 ( f    | S2(x) \2dx\     ( f    | S3(x) \2dxj

« nv'm+2nv-1 « n2v~m+1.

From (9), (26), and (28), we conclude

n2 /      n2 \
(29) ¿f» «€>(») —-— + OÍ--—log log n).

2(log n)3 \(log n)7'2 /

On the other hand Rademacher has shown that if n is odd and n=ax + a2

-\-a3 (mod k), then

«w-£n—*— n »-«»-"■-»nfn—î-\
i> it <f -1)' +1 „.,,(,    (j - i)- +1    j; V    (i - i)V

where throughout p>2, C — 2 for odd k, and C = 8 for even k. If « fails to

satisfy the above conditions, then ©(«)=0.

We formulate the:

Main Theorem. Let k be a positive integer, alt a2, a3 be residue classes

modulo k with (ez¿, k) = l. If n is a sufficiently large odd integer satisfying the

congruence n = ai-{-a2-\-a3 (mod k), then n can be represented as a sum of three

primes belonging respectively to the residue classes a-i, a2, a3, modulo k. The

asymptotic formula for the number of representations is given by (29).

6. Concluding remarks. The method of Linnik-Tchudakoff will provide

another proof of this result. The corresponding question for the simultaneous

Goldbach-Waring problem may be posed and solved.
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